In this paper, we show that the Jacobiator of a pre-Courant algebroid has some remarkable properties. Thus we can construct both Leibniz 2-algebra and Lie 2-algebra structures associated to a pre-Courant algebroid and prove that these algebraic structures are stable under deformations. The Pontryagin class is also introduced for a pre-Courant algebroid as the obstruction to be deformed into a Courant algebroid. Finally, we introduce the twisted action of a Lie algebra on a manifold to give more examples of pre-Courant algebroids, which include the parabolic geometry.
symmetric, and satisfies some "closed" condition naturally. Thus, it is not necessary to assume that the Jacobiator is controlled by something in advance. In fact, we showed in this paper that pre-CA = H-twisted CA.
Since twisted Courant algebroids by closed 4-forms arise from the study of three dimensional sigma models with Wess-Zumino term naturally, it will be interesting to study the physical meaning of a general pre-Courant algebroid.
It turns out that, one can obtain a Leibniz 2-algebra as well as a Lie 2-algebra associated to a pre-Courant algebroids. It is surprised that the Leibniz 2-algebra associated to the deformed pre-Courant algebroid is isomorphic to the Leibniz 2-algebra associated to the original one. Since the closed 4-form is exact in an exact twisted Courant algebroid, it turns out that the Leibniz 2-algebra associated to the exact twisted Courant algebroid by a closed 4-form is isomorphic to the Leibniz algebra associated to the Courant algebroid.
It is known that a coisotropic action of a quadratic Lie algebra on a manifold could give a Courant algebroid. We introduce the notion of twisted action. A coisotropic twisted action of a quadratic Lie algebra on a manifold give rise to a pre-Courant algebroid. We also study transitive pre-Courant algebroids in detail.
The paper is organized as follows. In Section 2, we recall some basic notions of Leibniz cohomologies, Leibniz 2-algebras, morphisms between Leibniz 2-algebras and Lie 2-algebras. In Section 3, for a pre-Courant algebroid (E, (·, ·) + , ρ, •), we introduce the covariant derivatives ∂ and D using the coboundary operator for Leibniz cohomology and Lie algebroid cohomology respectively. We prove that the Jacobiator J ∈ C 3 D (E, Ker(ρ)), and satisfies ∂J = 0 (Theorem 3.4). In Section 4, by the fact that ∂J = 0, we obtain a Leibniz 2-algebra associated to a pre-Courant algebroid (Theorem 4.1). Moreover, by using the skew-symmetric bracket, we can obtain a Lie 2-algebra (Theorem 4.8). Finally, we prove that the Leibniz 2-algebras associated to any pre-Courant algebroid structures on a Courant vector bundle (E, (·, ·) + , ρ) are isomorphic. In Section 5, we show that a transitive pre-Courant algebroid satisfying ImJ ⊂ ρ * (T * M ) is exactly a twisted Courant algebroid by a closed 4-form. Since in this special case, the closed 4-form is known as the Pontryagin class of the induced ample Lie algebroid [6, 9, 21] , we call the equivalence class of J ♭ the Pontryagin class of the pre-Courant algebroid. In Section 6, we introduce the notion of twisted action, by which we construct pre-Courant algebroids. Examples arising from Cartan geometry [7] are given.
Preliminaries
In this section, we recall Leibniz algebras, Leibniz 2-algebras and Lie 2-algebras.
A Leibniz algebra g is an R-module, where R is a commutative ring, endowed with a linear map [·, ·] g : g ⊗ g −→ g satisfying
This is in fact a left Leibniz algebra. In this paper, we only consider left Leibniz algebras. Recall that a representation of the Leibniz algebra (g, [·, ·] g ) is an R-module V equipped with, respectively, left and right actions of g on V ,
such that for any g 1 , g 2 ∈ g, the following equalities hold:
where
The Leibniz cohomology of g with coefficients in V is the homology of the cochain complex
The fact that ∂ • ∂ = 0 is proved in [18] .
The notion of strongly homotopy (sh) Leibniz algebras, or Lod ∞ -algebras was introduced in [1] . See also [24] for more details. Here we only consider the 2-term case. Leibniz 2-algebras were introduced in [21] as the categorification of Leibniz algebras. The category of 2-term sh Leibniz algebras is equivalent to the category of Leibniz 2-algebras. Due to this reason, a 2-term sh Leibniz algebra will be called a Leibniz 2-algebra in the sequel.
Definition 2.1. A Leibniz 2-algebra V consists of the following data:
• a complex of vector spaces V :
such that for any w, x, y, z ∈ V 0 and m, n ∈ V 1 , the following equalities are satisfied:
(c) the Jacobiator identity:
We usually denote a 2-term sh Leibniz algebra by (
In particular, if l 2 and l 3 are skew-symmetric, we obtain a 2-term L ∞ -algebra, which is also called a Lie 2-algebra. Definition 2.2. Let V and V ′ be Leibniz 2-algebras, a morphism f from V to V ′ consists of 
the Jacobiator of the pre-Courant algebroid structure. So far some special cases for the Jacobiator were studied more or less. J = 0 is just a Courant algebroid [17, 19] . If there is a closed 4-form H ∈ Ω 4 (M ) such that
one gets a twisted Courant algebroid by a closed 4-form, which arise naturally from the study of three dimensional sigma models with Wess-Zumino term ( [13] , [21] ).
For a Courant vector bundle, one can define a differential operator:
Then Axiom (ii) is equivalent to
and one can easily get the following properties for a pre-Courant algebroid, which are the same as the ones for a Courant algebroid.
Lemma 3.2.
Let (E, (·, ·) + , ρ, •) be a pre-Courant algebroid. Then, for all e 1 , e 2 , e ∈ Γ(E) and f ∈ C ∞ (M ), we have:
Similar to [23] , for a pre-Courant algebroid E, we denote by
, which is viewed as elements in ∧ k E * via the identification E * with E. It can be also characterized by
Define the covariant derivative D :
which extends the differential operator given in (5) . By (9) and (10), it is easy to see that D is well-defined. But, in general, D 2 = 0 since the Jacobiator is nontrivial.
Denote by
More precisely, a bundle map φ :
Lemma 3.3. With the notations above, one has
The follows is the main result of this section.
Lemma 3.5. The Jacobiator J is skew-symmetric.
Proof. By (9), we have
By (10) and Axiom (iii) in Definition 3.1
Therefore, the Jacobiator J is skew-symmetric.
Proof. Since J is skew-symmetric, we only need to show
By Axiom (i) in Definition 3.1, we have
Proof. It can be obtained directly by (9).
Proof of Theorem 3.4 By Lemma 3.5, 3.6, 3.7, to see J ∈ C 3 D (E, Ker(ρ)), we only need to show that the map (e 1 , e 2 , e 3 , e 4 ) −→ (J(e 1 , e 2 , e 3 ), e 4 ) + is skew-symmetric. Since J is skew-symmetric, we only need to show (J(e 1 , e 2 , e 3 ), e 4 ) + + (J(e 4 , e 2 , e 3 ), e 1 ) + = 0.
The left hand side, which we denote by L, is equal to 
On the other hand, by (6) and (9), we have It is obvious that the sum of the 18 terms in the left hand side is zero. Thus, we have ∂J = 0 as well as D(J ♭ ) = 0 by Lemma 3.3.
Leibniz 2-algebras and Lie 2-algebras
With previous preparation, in this section we show that, for a pre-Courant algebroid E, there is an associated Leibniz 2-algebra naturally. If using the skew-symmetric bracket, a Lie 2-algebra can be obtained. Consider the complex
Define degree-0 operation l 2 :
Define degree-1 operator l 3 : 1 , e 2 ) ), which implies that Axiom (i) is equivalent to that the image of ω is contained in Ker(ρ). Axiom (ii) is equivalent to that ω is skew-symmetric. Axiom (iii) is equivalent to that ω is totally skew-symmetric, i.e. (ω(e 1 , e 2 ), e 3 ) + + (e 2 , ω(e 1 , e 3 )) + = 0. Thus, the deformed operation • is a pre-Courant algebroid structure if and only if ω ∈ C 2 D (E, Ker(ρ)). Two pre-Courant algebroid structures • and • are called equivalent if there exists a 2-form β ∈ Ω 2 (M ) such that
More precisely, e 1 •e 2 = e 1 • e 2 + ρ * (dβ(ρ(e 1 ), ρ(e 2 ), ·)). In this case, B := ρ * β ∈ C 2 D (E) is called a B-field. Given a B-field, we define a B-field transformation e B : E −→ E by e B (e) = e + B ♯ (e), ∀e ∈ Γ(E).
We see that equivalent operators are different by a B-field transformation. 
Proposition 4.3. With the notations above, if
In particular, the equivalence class
a pre-Courant algebroid is called the Pontryagin class of this pre-Courant algebroid.

Proposition 4.5. Let (E, (·, ·) + , ρ) be a Courant vector bundle with two pre-Courant algebroid structures •, • and their Jacobiators J, J respectively. Then one has
• − • = ρ * (h) =⇒ J ♭ − J ♭ = ρ * (dh), h ∈ Ω 3 (M ).
That is, the two pre-Courant algebroids have the same Pontryagin class if they can be deformed to each other by a 3-form on the base manifold.
In particular, if the Pontryagin class of a pre-Courant algebroid (E, (·, ·) + , ρ, •) vanishes, i.e. J ♭ = ρ * (dh) then it is straightforward to see that it can be deformed into a Courant algebroid with the new operation: • = • − ρ * (h). That is, the Pontryagin class for a pre-Courant algebroid is the obstruction to be deformed into a Courant algebroid.
It is surprised that the Leibniz 2-algebra associated to an arbitrary deformed preCourant algebroid is isomorphic to the Leibniz 2-algebra associated to the original one. The follows is the main result of this section. 
where (Ker(ρ) ). It is obvious that (3) is satisfied. By straightforward computations, the left hand side of (4) is equal to
Construct the isomorphism (f
In [21] , the author proved that in an exact twisted Courant algebroid 1 by a closed 4-form H, H is exact, i.e. H = dh, for some h ∈ Ω 3 (M ). The bracket operation is given by
Thus, it can be seen as a deformation of the standard Courant algebroid by ω ∈ C 2 D (E, Ker(ρ)), where E = T M ⊕ T * M , ρ is the projection, and ω is given by
Corollary 4.7. The Leibniz 2-algebra associated to an exact pre-Courant algebroid is isomorphic to the Leibniz 2-algebra associated to the standard Courant algebroid.
Next we construct the Lie 2-algebra associated to a pre-Courant algebroid. For an H-twisted Courant algebroid, such a Lie 2-algebra structure has been pointed out in [11] . Since we find that this is a nontrivial construction, we shall give detailed procedure below. Define the skew-symmetric bracket:
Denote by J : ∧ 3 Γ(E) −→ Γ(E) its Jacobiator: 
Define degree-1 operator l 3 : (24) , (25), (26) respectively.
Proof.
It is obvious that we only need to show
Write the left hand side of (27) as K 1 − K 2 , where
and
By straightforward computations, we have e 2 , e 3 , e 4 ) . Thus, we have K 1 − K 2 = 0. The proof is completed.
Similarly, we can also prove that 
Regular pre-Courant algebroids
As mentioned in the last section, in general, D 2 = 0 since the Jacobiator is nontrivial. The following proposition shows that one can really get some cochain complex from a kind of pre-Courant algebroids.
Proposition 5.1. Let E be a pre-Courant algebroid such that
) defines a cochain complex. Follow [23] , we call the above cohomology the naive cohomology of a pre-Courant algebroid. It will be interesting to explain a pre-Courant algebroid using the language of super manifolds, and explain the naive cohomology correspondingly.
E is said to be a regular pre-Courant algebroid, if F := ρ(E) has constant rank, i.e. F is a subbundle of T M . The next proposition provides some criterions for Proposition 5.1.
Proposition 5.2. Let E be a regular pre-Courant algebroid. Then the following statements are equivalent:
(S1) J(e 1 , e 2 , e 3 ) ∈ Γ((Ker(ρ)) ⊥ ), ∀e 1 , e 2 , e 3 ∈ Γ(E); (S2) J(κ, ·, ·) = 0, ∀κ ∈ Γ(Ker(ρ)); such that a good connection associated to a chosen dissection of E. According to Proposition 6.1, suppose that the pre-Courant structure on E is given by (∇, β) , then compare the operator given in Proposition 6.1 and above, we have the following relationships:
For a transitive quadratic Lie algebroid A, we can construct a twisted Courant algebroid structure on A ⊕ T * M following the procedure above. Especially, Let P be a G-principal bundle on M , and g be a quadratic Lie algebra. With a dissection we have an extension of the Atiyah algebroid T P/G to a twisted Courant-algebroid, and the twisted 4-form is given by the first Pontryagin class of T P/G corresponding to the dissection. For more details for the first Pontryagin class of a quadratic Lie algebroid see [6] , [9] .
Construction of pre-Courant algebroids
Summarize the results of Izu Vaisman [25] , we have a general method to construct preCourant algebroids: 
X (e 1 , e 2 ) + = (∇ X e 1 , e 2 ) + + (e 1 , ∇ X e 2 ) + , and β ∈ Γ(∧ 2 E * ⊗ E) satisfies the following properties:
• For any e 1 , e 2 , e 3 ∈ Γ(E), the map (e 1 , e 2 , e 3 ) −→ (β(e 1 , e 2 ), e 3 ) + is totally skewsymmetric with respect to the pseudo-metric (·, ·) + ,
Using the pair (∇, β), the bracket operation in the pre-Courant algebroid is given by:
where ρ * ((∇e 1 , e 2 ) + ) is decided by:
Proof. Using the properties of pair (∇, β), it is easy to verify the operator • defined above satisfies Axioms (i), (ii) and (iii) in the definition of a pre-Courant algebroid.
It is known that one can construct Courant algebroids from the coisotropic actions [5] . In the following, we will define twisted actions, and construct pre-Courant algebroids by coisotropic twisted actions. First, let we recall how to construct Courant algebroids from coisotropic actions in the language of Proposition 6.1.
Let (g, [·, ·] g , (·, ·) g ) be a quadratic Lie algebra and ρ : g → X(M ) be a morphism. If Ker(ρ) is coisotropic, then the trivial bundle M ×g is a Courant vector bundle with anchor ρ. It is well known that M × g is an action Lie algebroid and we denote the induced Lie 
and define β by
It is easy to see the (∇, β) satisfies the properties listed in Proposition 6.1, so that (M × g, (·, ·) g , ρ, •) is a pre-Courant algebroid, where the operation • is given by
It is easy to check that J = 0, which implies that (M ×g, (·, ·) g , ρ, •) is a Courant algebroid. Now, to get pre-Courant algebroids, we introduce the concept of twisted actions as follows: Definition 6.2. Let g be a Lie algebra and (ρ, k) a pair bundle maps:
Then we call (ρ, k) is a twisted action of g on M .
If we consider the twisted bracket [·, ·] k on Γ(M × g): In the following, we construct a pair (∇, β) satisfying conditions in Proposition 6.1. We choose the metric connection ∇ on M × g as follows:
By (29) By the assumption for k , ∀κ ∈ Ker(ρ), we have (e 2 , k(e 1 , ·)) + , κ + = (e 2 , k(e 1 , κ)) + = 0, which implies that (e 2 , k(e 1 , ·)) + ∈ (Ker(ρ)) ⊥ ⊂ Ker(ρ).
Similarly, we have (e 1 , k(e 2 , ·)) + ∈ Ker(ρ). Thus, β defined above satisfies the second condition in Proposition 6.1. Therefore, (∇, β) constructed above gives a pre-Courant algebroid structure on M × g, and for e 1 , e 2 ∈ Γ(M × g) the operation • is given by The proof is finished.
A nontrivial example of twisted action comes from Cartan geometry ( in particular, Parabolic geometry) so that we recall the definition of Cartan geometry briefly(See [7] ). The curvature of a Cartan connection is defined as a g-valued 2-form
Thus, the bundle map ω −1 : M × g −→ T G satisfies, ∀e 1 , e 2 ∈ Γ(M × g), It is not difficult to see that Ker(ρ) is coisotropic and ρ([e 1 , e 2 ] G×(g⋉g * ) ) = [ρ(e 1 ), ρ(e 2 )] − ρ(k(e 1 , e 2 )), ∀e 1 , e 2 ∈ Γ(G × (g ⋉ g * )).
Thus (ρ, k) is a coisotropic twisted action. By Theorem 6.3, we give a pre-Courant algebroid structure on G × (g ⋉ g * ).
Finally, we see that, as vector bundles
So that such a pre-Courant algebroid is actually an exact twisted Courant algebroid.
